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ABSTRACT
Observations of the evolution of the galaxy cluster X-ray luminosity function suggest
that the entropy of the intra-cluster medium plays a signicant role in determining
the development of cluster X-ray properties. I present a theoretical framework in
which the evolution of the entropy of the central intra-cluster gas is explicitly taken
into account. The aim of this work is to develop a theoretical context within which
steadily improving measurements of the X-ray luminosities and temperatures of distant
galaxy clusters can be interpreted. I discuss the possible range of entropy evolution
parameters and relate these to the physical processes heating and cooling the intra-
cluster medium. The practical application of this work is demonstrated by combining
currently available evolutionary constraints on the X-ray luminosity function and the
luminosity{temperature correlation to determine the best-tting model parameters.
1 INTRODUCTION
A precise determination of the evolution of X-ray properties
of clusters of galaxies will shortly be available. In particular,
the X-ray luminosity function (XLF) and the luminosity{
temperature (L-T) correlation are open to accurate mea-
surement through, in the rst case, serendipitous imaging
surveys and, in the second, targeted spectral observations
of known X-ray clusters. The aim of this paper is to de-
velop a theoretical framework within which these data may
be placed.
The rst predictions for the evolution of cluster X-ray
properties (eg., Kaiser, 1986) were based on the assumption
of self-similar evolution of both the cluster gravitational po-
tential and the intra-cluster medium (ICM). Relatively few
conditions need to be met in order for the evolution of the
dark-matter component to satisfy this type of evolution. As
such, these models are more generally applicable than those
that attempt to determine the distribution of cluster masses
explicitly (eg., Press & Schechter, 1978). However, whereas
the Press-Schechter scheme can be used to predict the dis-
tribution | and even conditional distributions | of cluster
properties, the self-similar model provides only a scaling of
cluster properties between epochs.
For realistic primordial density fluctuation spectra, ap-
plication of the self-similar assumption to both cluster com-
ponents predicts that the XLF evolution is strongly posi-
tive (ie., an increasing number of X-ray luminous clusters
with increasing redshift or look-back time). This has, how-
ever, proved contradictory to the observational evidence:
the present debate centres on whether the X-ray luminos-
ity function is non-evolving or whether it falls with redshift
(eg., Edge et al., 1990, Henry et al., 1992, Rosati et al., 1995,
Castander et al., 1995, Nichol et al., 1996).
In order to solve this problem, Kaiser (1991) and Evrard
& Henry (1991, EH) proposed that the ICM was initially hot
even before falling into the cluster. The early heating of the
gas gives it an initial entropy. Shock heating during cluster
collapse may increase the present-epoch entropy above this
value, but cannot decrease it. A fall in the entropy can only
be achieved by radiative cooling of the gas | this occurs by
recombination or Bremsstrahlung radiation, or through in-
verse Compton scattering of microwave background photons
(cf., Padmanabhan, 1995). If the initial heat input occurs at
low enough redshift, these processes are inecient outside
virialised regions, and the gas retains a memory of its initial
entropy as it clumps together to form larger and larger mass
units. Thus the ICM is imprinted with a minimum entropy
and hence a maximum density to which the core gas can be
compressed without greatly increasing the central tempera-
ture and pressure. The papers referenced above showed that
the evolution of the XLF was modied in the desired sense.
However, this particular physical scenario creates only a sin-
gle model. With steadily improving observations of distant
clusters, it is becoming possible to test between a whole fam-
ily of models that span these extremes, and even go beyond.
EH suggest the general form Lx / (1 + z)
sMp, but only
briefly explore the physical signicance of their parameters
s and p.
In this paper, I present a more flexible scheme for in-
cluding the eects of entropy. The new approach has the
advantage that the evolutionary parameters may be directly
interpreted in terms of the physical processes heating, pre-
heating and cooling the ICM. Focusing the discussion on
the evolution of entropy automatically separates the contri-
butions of the gravitational evolution of the cluster (which
results in adiabatic compression of the ICM) and the speci-
cally gas-phase phenomena, such as shock heating and radia-
tive cooling, which alter the adiabat on which the gas lies.
The model thus parameterises the evolution of clusters in
such a way as to provide a continuum spanning between the
self-similar model and the constant entropy model of EH. It
naturally generalises to include the case where the entropy of
the central gas declines during the lifetime of the cluster, as
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is the case if the radiative cooling of the ICM dominates over
the shock heating that occurs during cluster-cluster mergers.
The structure of the paper is as follows. Section 2 devel-
ops the entropy-driven model, rstly by introducing the con-
cept of cluster-core entropy and then by parameterising its
evolution through the parameter . The physical processes
aecting the core entropy are discussed in Section 2.2, and
revised scaling relations are discussed in Sections 2.3 and 2.4.
Finally, in Section 2.5, I describe a limitation to the viabil-
ity of the evolutionary model. Section 3 discusses the role
of radiative cooling in the evolution of the ICM, including a
comparison with the cooling-flow driven model of Waxman
& Miralda-Escude (1995) in Section 3.2. In Section 4, I con-
sider the practical problem of using realistic observational
data to constrain the allowed range of evolutionary models.
Although the currently available data for distant clusters are
relatively poor, signicant restrictions are already imposed.
Furthermore, it is clear that the denition of a unique model
will be feasible in the near future. A summary of the con-
clusions of this paper is presented in Section 5.
Throughout this paper, I assume that the growth and
collapse of cluster-scale density perturbations occurs in a
critical density universe. In such a universe, the gravitational
growth of clusters is described by the eective slope of the
density fluctuation power spectrum (n), and it is sucient
to introduce a single parameter () to describe the evolu-
tion of the minimum entropy of the intra-cluster medium.
This restriction ensures that the scaling relations on which
I draw can be robustly justied, and ensures that the model
parameter-space is suitably limited. However, by suitable re-
formulation of the growth of cluster properties, it is possible
to generalise these results to the evolution of clusters in an
open or vacuum-energy dominated universe. This work will
be presented in a subsequent paper.
2 A FAMILY OF ENTROPY-DRIVEN
EVOLUTIONARY MODELS
2.1 Why introduce Entropy?
As described by EH, the gas core radius, rc, the cluster
virial radius, rv, the central gas density, c, and the mean
















. This expression assumes that the gas
density at the virial radius is a constant multiple of the back-
ground density, and that the gas density prole traces the
total mass density prole in the outer parts of the cluster
but flattens out within r < rc to form a core. This core
is assumed to be present only in the gas distribution: the
mass is assumed to maintain its r−3 slope to much smaller
radii. Clearly, an equivalent of Equation 1 could also be de-
rived for other density prole parameterisations such as that
proposed by Navarro, Frenk & White (1995, NFW). Since
this prole is no longer a simple power-law, it would greatly
complicate the form of the equations that follow. However,
in order to model the evolution of clusters over a limited
range of redshift, it is adequate to approximate the density





In order to elucidate the physical signicance of the
gas core, it is necessary to introduce the concept of specic
entropy. This is dened as






where T is the gas temperature, cv is the specic heat capac-
ity of the gas at constant volume and γ is the ratio of specic
heats at constant pressure and constant volume. Since the
temperature prole of the gas remains approximately flat
outside the cluster core, s must fall towards the cluster cen-
tre. Note that even though recent ASCA results have shown
that the temperature prole is not exactly constant (eg.,
Markevitch et al., 1996, Markevitch, 1996), this statement
remains true because of the very strong radial dependence
of the gas density. For example, the gas density falls by a
factor 300 over the range of Markevitch et al.’s temperature
measurements: if the gas were to have no radial entropy gra-
dient, this would imply a factor of 50 change in temperature
over this range. The observed factor is 3. The core in the gas






In what follows, I will take the view that the core in the
density distribution is caused by the existence of a minimum
entropy of the ICM (an alternative interpretation is briefly
discussed in Section 3.2). Writing Equation 3 in terms of en-
tropy and temperature therefore separates the eects of adi-
abatic compression (increases T , but leaves smin unchanged),
and shock heating and/or radiative cooling (increases [or
reduces] smin with little eect on T ). The last part of this
statement follows from the assertion that the global cluster
temperature is proportional to the cluster virial temperature
and the assumption that the cluster is roughly isothermal
outside the cluster core.
A more detailed understanding of the balance between
gas entropy and temperature (or pressure) is clearly desir-
able. However, although spherically symmetric infall mod-
els (eg., Bertschinger, 1985) can give some insight into the
build-up of gas in the cluster potential, they are inherently
unrealistic since the growth of clusters is intrinsically hierar-
chical. Reliable progress can only be made through high res-
olution hydrodynamic simulations, such as those presented
by NFW; but these must be analysed with caution to en-
sure that the nite resolution is fully taken into account. By
focusing attention on the entropy of the gas only in the core
of the cluster, much of the complexity of this issue can be
side-stepped. In what follows, I treat the evolution of the
core gas entropy as a phenomenon that is to be determined
empirically.
So far, however, I have achieved little practical advance.
EH developed this model by assuming that smin was non-
evolving. Advances in the measurement of the X-ray evo-
lution of clusters now justify a more general set of models.
This paper expands EH’s work by parameterising the evolu-
tion of the central gas entropy as a power of the expansion
factor:
smin = smin(z = 0) + cv ln(1 + z): (4)
Each value of the parameter  generates a new model for the
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evolution of the X-ray properties of galaxy clusters which
can be interpreted in terms of the physical processes re-
sponsible for the heating and cooling of the intra-cluster
gas. With this parameterisation of the core gas entropy, the






γ−1 (1 + z)
−3− 
γ−1 : (5)
Equivalent expressions can be derived for other density pro-
le slopes. The main eect of altering the beta parameter
is to change the redshift dependence implied by a given .
Since, as I will argue in Section 4, the value of epsilon must
be determined from the data itself, a consistent description
of the cluster evolution will be obtained even if the true value
of  diers slightly from the value assumed. In the discussion
that follows, I x  at its ducial value of 2=3. This provides
a coherent treatment within which cluster evolution can be
discussed.
2.2 The Physical Signicance of the  Parameter
There are three important regimes for the entropy evolu-
tion parameter. This section briefly outlines their physical
interpretation.
The case  < 0 corresponds to an intra-cluster medium
that is being continually heated in each generation of cluster
collapse. This may arise purely due to the action of shock
waves during the cluster relaxation process, but the injec-
tion of heat by the galaxies themselves (for example, in the
form of supernova blast waves) may also contribute. It is
extremely dicult to estimate the heating rate ab initio,
even if shock heating is considered alone. The simulations of
NFW suggest that most of the energy in the shock front is
deposited in the outer-parts of the cluster; the shocks reach-
ing the central part becoming weak. This suggests that we
should expect values of  close to zero. It is, however, possi-
ble that more negative values might be found in real clusters
due to the cumulative eect of large numbers of weak shocks
that are not well-resolved in the simulations.
One particular negative value of  corresponds to the
case in which the evolution of the cluster’s ICM parallels
the evolution of its dark matter potential. This is the famil-
iar self-similar evolution model introduced by Kaiser (1986).
The value of entropy evolution parameter required to pro-
duce self-similarity (ie., c
b
constant) depends on the spec-
trum of density fluctuations and the ratio of specic-heats.







where n is the eective spectral index of density fluctuations
on cluster scales (ie., b=b / r
−(n+3)=2). For flatter power
spectra, each successive scale collapses in rapid succession
and the heating of the ICM must become stronger if self-
similarity is to be maintained. For example, n = −1 requires
SS = −3; n = −2 requires SS = −5.
As I have already described, the constant entropy model
of EH corresponds to  = 0. This model is appropriate if the
shocks that are generated during the growth of clusters are
ineective at heating the gas in the core of the cluster. In
this model, it is possible to interpret smin as a ‘primordial’
entropy that was established in the gas before it became
bound into clusters.
In the set of models with  > 0, the gas in the core
of the cluster is able to radiate a signicant fraction of its
internal energy over the Hubble time. This radiation gives
rise to the ‘cooling flows’ that are well established in nearby
clusters (eg., Fabian et al., 1991), and have recently been
detected also in distant systems (eg., Donahue & Stocke,
1995). The likely contribution of radiative cooling to  is
discussed in Section 3.
2.3 The Connection with Cluster X-ray
Luminosity





where the appropriate value of the exponent  depends on
whether the luminosity is measured with a bolometric or
wide-band detector (  1=2) or through a low-energy band-
pass (  0) as would be appropriate for the ROSAT or
Einstein satellites. Using Equation 1, the X-ray luminosity
can be written in terms of the background density (b, which
is set by the cosmic epoch), the cluster’s total mass (M) and
virial temperature (both of which are properties of the dark-
matter component of the cluster), and the ratio of the cluster
core density to the background density (this is determined








Combining this with the evolution of the gas core density de-
scribed by Equation 5, and relating the cluster temperature
to mass through M / T 3=2(1 + z)−3=2 gives













The appearance of this relation is substantially improved by
setting γ = 5=3 and restricting attention to cluster proles
with  = 2=3:
LX / (1 + z)
−3=4T (9=4)+ (10)
2.4 Strong versus Weak Self-Similarity
So far, I have not needed to be careful about the exact mean-
ings of the terms used in (eg.) Equation 10. In principle, T ,
LX , M etc., apply to individual clusters, but it is by no
means clear that the constant of proportionality that links
them should be the same for all clusters. For instance, stud-
ies of the growth of hierarchical clusters (eg., Lacey & Cole,
1993) show that a great variety of trajectories may lead to
an individual cluster of given mass at the present epoch. To
give an explicit example, we should more correctly interpret
the redshift (z), appearing in Equation 10, as the epoch at
which the cluster last had a major merger event rather than
the epoch at which the cluster is observed (cf., Kitayama &
Suto, 1996).
The Weak Self-Similarity principle (eg., Kaiser, 1986)
asserts that, although there is considerable scatter between
the formation histories of individual clusters, relations of the
form of Equation 10 can be used to relate the characteris-
tic properties of cluster populations at one cosmic epoch to
